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Abstract. In many spinning processes, as for example in dry spinning, solvent evaporates out
of the spun jets and leads to thinning and solidification of the produced fibers. Such production
processes are significantly driven by the interaction of the fibers with the surrounding airflow.
Faced with industrial applications producing up to several hundred fibers simultaneously, the
direct numerical simulation of the three-dimensional multiphase, multiscale problem is computa-
tionally extremely demanding and thus in general not possible. In this paper, we hence propose
a dimensionally reduced, efficiently evaluable fiber model that enables the realization of fiber-
air interactions in a two-way coupling with airflow computations. For viscous dry spinning of
an uni-axial two-phase flow, we deduce one-dimensional equations for fiber velocity and stress
from cross-sectional averaging and combine them with two-dimensional advection-diffusion equa-
tions for polymer mass fraction and temperature revealing the radial effects that are observably
present in experiments. For the numerical treatment of the resulting parametric boundary value
problem composed of one-dimensional ordinary differential equations and two-dimensional partial
differential equations we develop an iterative coupling algorithm. Thereby, the solution of the
advection-diffusion equations is implicitly given in terms of Green’s functions and leads for the
surface values to Volterra integral equations of second kind with singular kernel, which we can
solve very efficiently by the product integration method. For the ordinary differential equations a
suitable collocation-continuation procedure is presented. Compared with the referential solution
of a three-dimensional setting, the numerical results are very convincing. They provide a good
approximation while drastically reducing the computational time. This efficiency allows the two-
way coupled simulation of industrial dry spinning in airflows for which we present results for the
first time in literature.
Keywords. dry spinning, fiber dynamics, parametric boundary value problem, homotopy method,
heat and mass transfer, integral equations
AMS-Classification. 34B08, 68U20, 35Q79, 76-XX
1. Introduction
Dry spinning is a widely used production method for fibers, which consist of polymers that must
be dissolved in solvent, as for example cellulose acetate, polyacrylonitrile, polyurethane, benzene
and many more. As schematized in Fig. 1.1 dry spinning devices essentially consist of jet nozzles
(spinneret) through which a polymer diluent solution is fed at constant and controllable rate through
up to several hundred holes into a spinning column. From these holes of the spinneret the fibers form
out, are pulled down by gravity and either laid down on a conveyor belt or drawn down by a take
up roller. In the spinning column the fibers are dried by a heated airflow, which usually is blown
in at the bottom of the column and exhausts at the top, such that the air forms a counter-current
to the fiber flow direction. During this drying process solvent evaporates out of the jets and leads
to thinning and solidification of the spun fibers.
In the last 50 years, several work has been spent to examine the dry spinning process. One of
the first mathematical models was developed by [10], who employed a species transport equation
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Figure 1.1. Sketch of a dry spinning device with take up of the produced fibers
at the bottom side of the spinning column.
to predict the solvent concentration in a combined theoretical experimental study. A compre-
hensive one-dimensional dry spinning model was introduced by [22, 23]. There, averaged mass
balance equations for the two species (polymer and diluent) as well as averaged momentum and
energy balance equations were considered. The balances for solvent concentration and tempera-
ture were found to depend crucially on the values at the fiber boundary, which involves the need
for radial resolution of the process. This was taken into account through two-dimensional balance
equations. A coupling was realized by adjusting corresponding boundary conditions for surface
values of the fiber. In [6] theoretical results based on a two-dimensional model, with concentration-
dependent thermal conductivity as well as concentration- and temperature-dependent diffusivity
and viscosity, were compared with an experimental setup of a cellulose acetate/acetone system.
The forming of radial profiles for polymer concentration (mass fraction) and temperature in the
fiber was observed. A complete combined theoretical and experimental study of dry spinning of a
cellulose acetate/acetone system was presented in [26], where detailed laws for the concentration-
and temperature-dependence of physical properties including diffusivity, elongational viscosity, heat
and mass transfer coefficients are specified and incorporated in a coupled one- and two-dimensional
model setup. The mentioned studies used exclusively viscous constitutive equations. The works of
[12, 13] extended the models by incorporating viscoelastic material laws. Apart from that, the effect
of solvent evaporation was taken into account in mathematical models for several other spinning
processes like melt spinning [15, 34] and electrospinning [33, 32].
Until now the existing literature solely considers interactions of the simulated fibers with an
airflow that is assumed to be constant or measured in experiments. However, in industrial applica-
tions we are faced with devices having spinnerets with densely packed holes producing many fibers
(possibly several hundred) simultaneously, so that also the fibers visibly affect the surrounding air.
This creates the need of a fully two-way coupled simulation of the dry spun fibers immersed in the
airflow, at which we aim with this paper. The direct numerical simulation of the three-dimensional
multiphase and multiscale problem is computationally extremely demanding and thus in general
not possible. Therefore, we propose a dimensionally reduced fiber model for which we design an
efficient algorithm such that the simulation of dry spinning processes with two-way coupled fiber-
airflow interactions becomes feasible.
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Proceeding from a three-dimensional free boundary value problem for a viscous uni-axial radially
symmetric two-phase flow we deduce a dimensionally reduced fiber model. From cross-sectional
averaging we obtain one-dimensional equations for fiber velocity and stress that we combine con-
sistently with two-dimensional advection-diffusion equations covering the cross-sectional variations
of polymer mass fraction and temperature. For the numerical treatment of the one-dimensional
ordinary differential equations and the coupling with the two-dimensional partial differential equa-
tions we present a continuation algorithm that allows the fast and robust simulation and automatic
navigation through a high-dimensional parameter space. The underlying collocation is performed
with a Lobatto IIIa formula (implicit fourth order Runge-Kutta scheme), and the resulting non-
linear system is solved with a Newton method. This procedure has been employed successfully
in studies on glass wool manufacturing [3] and electrospinning [2]. All previously named works
concerning dry spinning employ some types of finite differences for the solution of the involved
two-dimensional problems. Here, such methods cannot be utilized since they are time-consuming
and the intended further coupling with airflow simulations easily leads to non-practical computation
times. Therefore, we develop an efficient algorithmic procedure, which is based on the analytical
solution of the two-dimensional advection-diffusion equations with Green’s functions [4, 9, 24]. The
implicitly given solution expressions result in Volterra integral equations of second kind for the
surface values of polymer mass fraction and temperature with singular integration kernel, which
can be solved quickly by the product integration method. This efficiency allows the realization of
two-way coupled fiber and airflow simulations by the help of momentum (drag), heat and mass
exchange models according to the principle that action equals reaction [8, 7], similar as in the study
on glass wool manufacturing [3]. The numerical results show that our reduced dry spinning model is
a very good approximation of the underlying three-dimensional model while saving a huge amount
of computation time.
The paper is structured as follows. Starting from a three-dimensional free boundary value prob-
lem for viscous dry spinning, we derive our dimensionally reduced (one-two-dimensional) fiber model
for polymer mass fraction, mixture velocity, stress and temperature in Sec. 2. In Sec. 3 we present
a continuation-collocation method for the numerical solution of the involved one-dimensional para-
metric boundary value problem and the coupling with the two-dimensional model equations as well
as a product integration method for the two-dimensional profiles of mass fraction and temperature.
In addition, the two-way coupling concept for fiber-air interactions is explained. The computa-
tional efficiency of our reduced model as well as its good approximation quality with respect to the
original three-dimensional problem are demonstrated in Sec. 4. In Sec. 5 we consider an industrial
dry spinning setup of [26], for which we present simulation results with two-way coupled fiber-air
interactions.
2. Viscous Fiber Dry Spinning Model
In this section we develop our stationary dry spinning model for a viscous uni-axial fiber in a
surrounding airflow. We proceed from a three-dimensional free boundary value problem for the two-
phase fiber flow given by balances for polymer and diluent mass as well as momentum and energy.
Under the assumptions of radial symmetry and slenderness we deduce a dimensionally reduced
model that contains the radial effects of polymer mass fraction and fiber (mixture) temperature in
combination with the tangential information of fiber velocity and stress.
2.1. Three-dimensional model. The dry spinning of a viscous fiber can be described as a station-
ary three-dimensional free boundary value problem (BVP) for a Newtonian fluid using a mixture
model ansatz according to [18], which treats the two phases (polymer and solvent) as interpenetrable
continua. The conservation principles for mass are formulated for the two single phases, whereas
the balances for momentum and energy are stated for the whole mixture. The basic quantities for
the model are the polymer mass fraction c, the mixture pressure p [Pa], the mixture velocity v
[m/s] and the mixture temperature T [K]. Let Ω ⊂ R3 be the a priori unknown fiber domain whose
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boundary ∂Ω = Γin ∪ Γfr ∪ Γout consists of the fixed inlet at the nozzle Γin, the free lateral fiber
surface Γfr and the outlet Γout. The geometry is specified via the kinematic boundary condition
on Γfr with unit outer normal vector ν. The stationary free boundary value problem for the fiber
unknowns c, p, v, T and Ω reads
System 1 (Three-dimensional free BVP).
Abbreviations:
ρp = cρ, ρd = (1− c)ρ,
Balance laws in Ω:
∇ · (ρpv) = 0,
∇ · (ρdv) = ∇ ·
(
ρD∇
(
ρd
ρ
))
,
∇ · (ρv ⊗ v)−∇ ·
(
ρD
(
v ⊗∇
(
ρd
ρ
)
+∇
(
ρd
ρ
)
⊗ v
))
= ∇ ·ΣT + g,
∇ · (ρhv)−∇ ·
(
h0dρD∇
(
ρd
ρ
))
= ∇ · (C∇T ),
Kinematic, dynamic, mass and heat flux respective boundary conditions on Γfr:
v · ν = 0,
Σ · ν = f?,
−ρD∇
(
ρd
ρ
)
· ν = j, j = γ
(
ρd
ρ
− ρd,?
%
)
,
−C∇T · ν = α(T − T?) + j(δ − h0d),
Inlet boundary conditions on Γin:
v = v0, ρd = ρd,0, T = T0,
Outlet boundary condition on Γout:
v = v1,
Constitutive laws:
ρ−1 = c(ρ0p)
−1+(1− c)(ρ0d)−1, h = ch0p + (1− c)h0d,
Σ = −pI + µ(∇v + (∇v)T).
The assumption of an ideal mixture leads to the constitutive laws for the mixture density ρ
[kg/m3] and the mixture enthalpy h [J/kg]. Thereby, the material densities ρ0p and ρ
0
d as well as
the enthalpies h0p and h
0
d of pure polymer and diluent, respectively, are temperature-dependent
parameters of the model that have to specified. The temperature derivatives of h0p, h
0
d and h are
in particular the specific heat capacities q0p, q
0
d and q [J/(kgK)] for constant pressure, yielding
q = cq0p + (1 − c)q0d. The partial densities ρp and ρd of polymer and diluent in the mixture are
defined in terms of mass fraction c and mixture density ρ. The mixture velocity v is the velocity of
the polymer phase, and the diffusive velocity of the diluent in the polymer phase is described by a
version of Fick’s law, which is linear with respect to the diluent mass fraction ρd/ρ = 1 − c, using
the diffusion coefficient D [m2/s]. The thermal conductivity is denoted by C [W/(mK)]. For the
Newtonian stress tensor Σ [Pa] with dynamic mixture viscosity µ [Pa s] we assume incompressibility.
The parameters D, C and µ might depend on mass fraction c and temperature T . Apart from body
forces g [N/m3] due to gravity, surface forces f? [Pa] due to the surrounding airflow are considered.
At the lateral fiber surface the diluent density has a jump due to the solvent evaporation, more-
over, it changes rapidly in the boundary layer that the surrounding air forms around the fiber. The
diluent mass flux j [kg/(m2s)] in the aerodynamic boundary layer can be modeled by the difference
of the diluent density in the air at the fiber surface ς [kg/m3] and away from the fiber ρd,? [kg/m
3]
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with convective mass transfer coefficient β [m/s], i.e., j = β(ς − ρd,?). In System 1 we particu-
larly use a formulation for j in terms of the mass fraction associated transfer coefficient γ = β%
[kg/(m2s)] with % = ςρ/ρd [kg/m
3]. The temperature is continuous at the fiber surface, whereas the
heat flux has a jump because of the heat exchange in the air due to the solvent evaporation with
evaporation enthalpy δ [J/kg] of the diluent. In the aerodynamic boundary layer the heat flux is
described – analogously to the mass flux – by the difference of the temperature at the fiber surface
and away from the fiber T? [K] with heat transfer coefficient α [W/(m
2K)]. The parameters δ and ς
might be functions of c and T , whereas the transfer coefficients α and β depend on the state of the
surrounding airflow and especially on the relative velocity between fiber and airflow. In System 1
the surrounding airflow is assumed to be known in the sense that the quantities f?, ρd,? and T? as
well as the airflow dependencies of α and β are given for each point of the fiber surface.
Remark 2 (Mass transfer). The used formulation of the diluent mass transfer j is motivated from
the fact that at the fiber surface the diluent density in the air is mainly linearly proportional to the
diluent density in the fiber, i.e., ς ∼ ρd. Setting ς = (ρd/ρ)% separates the linear part from the
remainder %. The mass transfer is principally driven from the linear part in terms of a Robin-type
boundary condition, whereas the remainder % is incorporated in the transfer coefficient γ = β%. This
splitting might allow a different treatment of the terms, which becomes essentially for our numerics.
Remark 3 (Incompressibility). Considering the mass balance equations for polymer and diluent,
assuming constant material densities ρ0p, ρ
0
d and using the density relation for an ideal mixture yields
∇ ·
(
v − ρ
ρ0d
D∇
(
ρd
ρ
))
= 0,
i.e., the flow field is not exactly incompressible with respect to the mixture velocity field v. Never-
theless, we assume an incompressible form of the Newtonian stress tensor Σ, which is justified by
very small diffusive velocities being present in industrial applications.
Alternatively, the mixture model theory might also allow the definition of the mixture velocity v
as linear combination of each singular phase velocity in such a way that ∇ · v = 0 holds. But that
ansatz yields diffusive terms in the polymer mass balance equation. Since we aim for a constant
polymer flux over the fiber cross-sections, we do not employ it.
2.2. Dimensionally reduced model. In slender body theory a viscous fiber is usually described
by a one-dimensional model of the cross-sectionally averaged balances that are closed by either
heuristic assumptions on the radial profiles or asymptotic analysis (see e.g., [25, 19] and refer-
ences within). However, for dry spinning the radial resolution of mass fraction and temperature
is essential due to the evaporation [22, 23]. Combining the relevant two-dimensional aspects with
one-dimensional averaged balances, we propose a dimensionally reduced model that is of good ap-
proximation quality and very efficiently evaluable.
Considering a single slender fiber we introduce a fixed orthonormal basis {ex, ey, ez} ⊂ R3. The
body force satisfies g = ρgez with gravitational acceleration g and the fiber midline is characterized
by a constant unit tangent τ with τ = ez. In addition, we impose the following assumptions on
setting and relevant effects.
Assumption 4 (Setting and fiber geometry). The setting is assumed to be uni-axial, radially
symmetric for all fiber quantities and model parameters. In particular, the fiber domain Ω is given
by the fiber length L and the smooth radius function R : [0, L]→ R+ such that
Ω = {x = {x, y, z} ∈ R3 | (x, y) ∈ A(z), z ∈ [0, L]},
with cross-sections
A(z) = {(x, y) ∈ R2∣∣ x = r cosϕ, y = r sinϕ, r ∈ [0, R(z)], ϕ ∈ [0, 2pi)}.
Then, the lateral free fiber surface Γfr can be parameterized in terms of the bijective function
ξ : [0, 2pi) × [0, L] → Γfr ⊂ R3 with ξ(ϕ, z) = (R(z) cosϕ,R(z) sinϕ, z) and its outer normal vector
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ν is given by
ν(ϕ, z) =
∂ϕξ × ∂zξ
||∂ϕξ × ∂zξ|| (ϕ, z) =
1√
1 + (∂zR(z))2
(cosϕ, sinϕ,−∂zR(z)). (2.1)
Obviously, Γin = A(0) and Γout = A(L). Moreover, it is often convenient to consider the two-
dimensional domain Ωcut = {(r, z) ∈ R2 | r ∈ (0, R(z)), z ∈ (0, L)} ⊂ Ω with cylindrical coordinates
and the orthonormal basis {er, ez}.
Assumption 5 (Diffusive effects). The diffusive effects in mass and heat transfer are assumed to
be small. Because of the fiber slenderness the diffusive terms that contain radial derivatives are
considered of relevance, whereas all others are neglected.
2.2.1. Dimensional reduction. We proceed from System 1. For the cross-sectional averaging we
introduce the following notation for any differentiable and integrable scalar-, vector- or tensor-
valued function f on Ω with ν = (νx, νy, νz) being the unit outer normal vector of Γfr,
〈f〉A(z) =
∫
A(z)
f(x, y, z)dxdy, 〈f〉∂A(z) =
∫
∂A(z)
f√
ν2x + ν
2
y
dl.
In particular, |A(z)| and |∂A(z)| denote the measures of cross-sectional area and boundary. Ac-
cording to the divergence theorem the averaging rule
〈∇ · f〉A(z) = ∂z〈fT · ez〉A(z) + 〈fT · ν〉∂A(z)
holds [25]. We apply it on the three-dimensional balances for polymer mass and momentum, incorpo-
rate the boundary conditions on Γfr and make use of Assumptions 4 and 5. In particular, because of
the uni-axial, radially symmetric setting, the averaged momentum balance becomes a scalar-valued
equation for the z-component and the boundary integral simplifies to 〈f〉∂A = f |∂A|∂A|,
∂z〈cρvz〉A = 0, ∂z〈ρv2z〉A = ∂zσ + 〈ρg〉A + fair − (jvz)
∣∣
∂A|∂A|,
with σ = 〈(Σ · ez) · ez〉A = 〈−p+ 2µ∂zvz〉A and fair = 〈f? · ez〉∂A. Obviously, by the averaging the
radial information of the velocity components vz = v · ez, vr = v · er and the pressure p gets lost.
Therefore, we impose the following assumption that – as well as Assumption 5 – might be justified
by asymptotic analysis (see e.g. [25] for profiles for vz and p).
Assumption 6 (Velocity and pressure profiles). The velocity components are considered to have the
form vz(r, z) = u(z) and vr(r, z) = r/R(z)vr|∂A(z)(z), while the pressure is p(r, z) = −µ(c, T )∂zu(z).
All together the one-dimensional averaged polymer mass and momentum balances become
∂z(〈cρ(c, T )〉A u) = 0,
∂z(〈ρ(c, T )〉A u2) = ∂zσ + g〈ρ(c, T )〉A + fair − u j(c, T )
∣∣
∂A|∂A|, σ = 3〈µ(c, T )〉A ∂zu,
(2.2)
where ρ, µ and j are functions of mass fraction c and temperature T . We conclude the required
information about the profiles of c and T from two-dimensional advection-diffusion equations. For
this purpose we rewrite the three-dimensional balances for diluent mass and energy of System 1
by employing the total mass balance, the product rule as well as the definition of the specific heat
capacities q. The resulting equations
v · ∇c− c
ρ
∇ · (ρD∇c) = 0, ρqv · ∇T + ρD∇h0d · ∇c−∇ · (C∇T ) = 0.
are then formulated in cylindrical coordinates on Ωcut, regarding Assumptions 4, 5 and 6. For the
radial velocity component we particularly apply the expression
vr(r, z) = r
∂zR(z)
R(z)
u(z),
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which is concluded by means of the homogeneous kinematic boundary condition on the free lateral
fiber surface, vr
∣∣
∂A − u∂zR = 0 (cf. (2.1)). So,
u ∂zc+ r
∂zR
R
u∂rc− c
ρ(c, T )
1
r
∂r(rρ(c, T )D(c, T ) ∂rc) = 0,
ρ(c, T )q(c, T )u
(
∂zT + r
∂zR
R
∂rT
)
+ ρ(c, T )D(c, T )∂rh
0
d(T ) ∂rc−
1
r
∂r(r C(c, T ) ∂rT ) = 0.
(2.3)
2.2.2. Dimensionless formulation. For the numerics it is convenient to deal with dimensionless
model equations. For simplicity we consider here constant inflow profiles, c(r, 0) = c0 = const and
T (r, 0) = T0 = const. Then, we non-dimensionalize the averaged balances (2.2) and the radial
advection-diffusion equations (2.3) using fiber speed u0, temperature T0, density ρ0 = ρ(c0, T0),
heat capacity q0 = q(c0, T0), dynamic viscosity µ0 = µ(c0, T0), diffusivity D0 = D(c0, T0) and
thermal conductivity C0 = C(c0, T0) at the nozzle (inlet) as well as nozzle radius R0 and fiber
length L (being equivalent to the device height for a straight uni-axial fiber). We introduce the
dimensionless quantities as y˜(r˜, z˜) = y(rˆr˜, zˆz˜)/yˆ where the reference values are marked with .ˆ
Besides the already named reference values we choose σˆ = piµ0u0R
2
0/L, hˆ = q0T0, αˆ = ρ0u0q0,
γˆ = ρ0u0 and fˆair = µ
2
?/(2Rρ?) where we especially use the density ρ? [kg/m
3] and the dynamic
viscosity µ? [Pas] of the air. To keep the notation simple we suppress the label ˜ in the following and
write 〈f〉R2(z) = 2pi
∫ 1
0
f(r, z)rdr for the integrated dimensionless quantity f under the assumption
of radial symmetry (Assumption 4). The dimensionless one-two-dimensional fiber model is described
by System 7.
System 7 (One-two-dimensional BVP).
Averaged balance laws, z ∈ (0, 1):
∂z(〈cρ(c, T )〉R2u) = 0,
∂z(〈ρ(c, T )〉R2u2) = 1
Re
∂zσ +
1
Fr2
〈ρ(c, T )〉R2 + M 1
R
fair − 2

Ru j(c, T )
∣∣
r=1
,
(2.4)
with boundary conditions at inlet z = 0 and outlet z = 1:
u(0) = 1, u(1) = Dr,
Radial equations, (r, z) ∈ (0, 1)2:
u ∂zc− 1
PeD
c
ρ(c, T )R2r
∂r(rρ(c, T )D(c, T ) ∂rc) = 0,
ρ(c, T )q(c, T )u ∂zT +
1
PeD
ρ(c, T )D(c, T )
R2
∂rh
0
d(T ) ∂rc−
1
PeC
1
R2r
∂r(rC(c, T ) ∂rT ) = 0,
(2.5)
with boundary conditions at inlet z = 0, fiber surface r = 1 and symmetry boundary r = 0:
c
∣∣
z=0
= c0, ∂rc
∣∣
r=0
= 0,
1
PeD
(
ρ(c, T )D(c, T )
)∣∣
r=1
R
∂rc
∣∣
r=1
= j(c, T )
∣∣
r=1
, j(c, T ) = −γ(c, T )(c− cref (c, T )),
T
∣∣
z=0
= 1, ∂rT
∣∣
r=0
= 0,
− 1
PeC
C(c, T )
∣∣
r=1
R
∂rT
∣∣
r=1
=
(
α(T − T?) + j(c, T )(δ(T )− h0d(T ))
)∣∣
r=1
,
Constitutive laws:
ρ−1(c, T ) = c (ρ0p)
−1(T ) + (1− c) (ρ0d)−1(T ), q(c, T ) = cq0p(T ) + (1− c)q0d(T ),
σ = 3〈µ(c, T )〉R2∂zu, q0d(T ) = ∂Th0d(T ).
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Thereby, introducing the referential polymer mass fraction cref = 1−ρd,?/% the diluent mass flux
j is formulated with respect to the polymer mass fraction. Note that due to the transformation of
the radial equations on the unit square the terms containing the radial velocity cancel out. System 7
is characterized by seven dimensionless parameters: length ratio , draw ratio Dr, Peclet numbers
PeD, PeC as ratio of advection rate to diffusion rate for mass and heat transfer respectively, Reynolds
number Re as ratio of inertial to viscous forces, Froude number Fr as ratio of inertial to gravitational
forces as well as air-drag associated parameter M, i.e.,
 =
R0
L
, Dr =
u1
u0
, PeD =
u0R0
D0
, PeC =
ρ0q0u0R0
C0
Re =
ρ0u0L
µ0
, Fr =
u0√
gL
, M(z) =
L
2piρ0u20R
3
0
µ2?
ρ?
∣∣∣∣
z
.
In contrast to the other numbers, the air-drag associated parameter M is a scalar field due to its
dependence on the airflow quantities µ?, ρ? varying in z-direction.
2.2.3. Modifications for efficient evaluation. Aiming for the simulation of industrial dry spinning
with two-way coupled fiber-air interactions the computation of the fiber model itself must be per-
formed very quickly. In spite of the dimensional reduction, the numerical solving of the nonlinear
two-dimensional advection-diffusion equations (2.5) is still too time consuming for such setups.
Hence, we propose a modified version of System 7 that makes an efficient evaluation possible.
We linearize the advection-diffusion equations (2.5) around the cross-sectionally averaged mass
fraction c¯ and temperature T¯ , i.e.,
c¯ =
1
pi
〈c〉R2 , T¯ = 1
pi
〈T 〉R2 .
Apart from the leading terms of zeroth order, we take into account the terms of first order with
respect to c in the equation for the mass fraction and, analogously, the terms of first order with
respect to T in the equation for the temperature,
u∂zc− 1
PeD
c¯D(c¯, T¯ )
R2
1
r
∂r(r∂rc) = 0,
ρ(c¯, T¯ )q(c¯, T¯ )u∂zT − 1
PeC
C(c¯, T¯ )
R2r
∂r(r∂rT ) = 0.
(2.6)
The boundary conditions at the fiber surface r = 1 are respectively
1
PeD
ρ(c¯, T¯ )D(c¯, T¯ )
R
∂rc
∣∣
r=1
= j(c, T )
∣∣
r=1
,
− 1
PeC
C(c¯, T¯ )
R
∂rT
∣∣
r=1
=
(
α(T − T?) + j(c, T )(δ(T )− h0d(T ))
)∣∣
r=1
.
Through the linearized form of the radial equations (2.6) the evaluation and subsequent averaging
of the density profiles in the averaged balance laws (2.4) becomes insignificant. Therefore, we apply
the simplification that the cross-sectionally averaged mixture density and partial polymer density
can be well approximated by
〈ρ(c, T )〉R2 = ρ(c¯, T¯ )R2, 〈cρ(c, T )〉R2 = c¯ρ(c¯, T¯ )R2.
Then, the averaged balance laws become
∂z(R
2c¯ρ(c¯, T¯ )u) = 0,
∂z(R
2ρ(c¯, T¯ )u2) =
1
Re
∂zσ +
1
Fr2
R2ρ(c¯, T¯ ) + M
1
R
fair − 2

Ru j(c, T )
∣∣
r=1
.
Obviously, we do not face a free boundary value problem any more, as the fiber radius R can be
concluded from the constant polymer flux Q = R2c¯ρ(c¯, T¯ )u using the boundary conditions at the
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inlet, i.e.,
R(z) =
√
c0
(c¯ρ(c¯, T¯ )u)|z .
For the later numerical treatment in Sec. 3 we need suitable initial guesses for the averaged
quantities c¯ and T¯ . A good strategy is to solve the radial equations (2.6) averaged over the cross-
sections, yielding
∂z c¯ =
2

c¯2
c0
Rj(c, T )
∣∣
r=1
,
∂zT¯ = −2

c¯
c0
R
q(c¯, T¯ )
(
α(T − T?) + j(c, T )(δ(T )− h0d(T ))
)∣∣
r=1
,
(2.7)
with initial data c¯(0) = c0 and T¯ (0) = 1. Using (2.7) we conclude our final fiber model for convective
speed u, stress σ, mass fraction c and temperature T , cf. System 8.
System 8 (Simplified one-two-dimensional BVP).
One-dimensional equations, z ∈ (0, 1):
∂zu =
1
3〈µ(c, T )〉R2 σ,
∂zσ =
Re
3
c0
c¯
1
〈µ(c, T )〉R2 σ −
Re
Fr2
c0
c¯
1
u
− ReM 1
R
fair,
(2.8)
with boundary conditions at inlet z = 0 and outlet z = 1:
u(0) = 1, u(1) = Dr,
Two-dimensional equations, (r, z) ∈ (0, 1)2:
u∂zc− 1
PeD
c¯D(c¯, T¯ )
R2r
∂r(r∂rc) = 0,
ρ(c¯, T¯ )q(c¯, T¯ )u∂zT − 1
PeC
C(c¯, T¯ )
R2r
∂r(r∂rT ) = 0,
(2.9)
with boundary conditions at inlet z = 0, fiber surface r = 1 and symmetry boundary r = 0:
c
∣∣
z=0
= c0, ∂rc
∣∣
r=0
= 0,
1
PeD
ρ(c¯, T¯ )D(c¯, T¯ )
R
∂rc
∣∣
r=1
= j(c, T )
∣∣
r=1
, j(c, T ) = −γ(c, T )(c− cref (c, T )),
T
∣∣
z=0
= 1, ∂rT
∣∣
r=0
= 0,
− 1
PeC
C(c¯, T¯ )
R
∂rT
∣∣
r=1
=
(
α(T − T?) + j(c, T )(δ(T )− h0d(T ))
)∣∣
r=1
,
Constitutive laws and geometric relation:
ρ−1(c, T ) = c (ρ0p)
−1(T ) + (1− c) (ρ0d)−1(T ), q(c, T ) = cq0p(T ) + (1− c)q0d(T ),
R(z) =
√
c0
(c¯ρ(c¯, T¯ )u)|z , q
0
d(T ) = ∂Th
0
d(T ).
Abbreviations:
c¯ =
1
pi
〈c〉R2 , T¯ = 1
pi
〈T 〉R2 .
Remark 9 (Dynamic viscosity). In System 8 we could approximate the averaged dynamic viscosity
in the same way as the densities, i.e., 〈µ(c, T )〉R2 = µ(c¯, T¯ )R2. However, for reasons of accuracy
we do not employ this simplification, as we will discuss in Sec. 5.2.
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Remark 10 (Closure models). The closing of System 8 requires appropriate models for drag force
fair, heat transfer coefficient α, mass transfer coefficient γ, referential mass fraction cref , diffusion
coefficient D, thermal conductivity C, evaporation enthalpy δ, specific heat capacities q0p, q
0
d, dynamic
viscosity µ as well as material densities ρ0p, ρ
0
d.
For the performance and quality analysis of our dimensionally reduced fiber model in Sec. 4 we
set all these quantities to be constant, whereas for the setup of an industrial dry spinning apparatus
in Sec. 5 we give detailed models taking the fiber materials and rheological effects into account. The
momentum (drag), heat and mass exchange models are particularly based on airflow simulations.
According to the principle that action equals reaction two-way coupled fiber-airflow interactions are
realized.
3. Numerical Scheme
The derived uni-axial fiber model for dry spinning of a single fiber (System 8) is a combined sys-
tem of one- and two-dimensional model equations. For given polymer mass fraction c and mixture
temperature T , the one-dimensional equations (2.8) form together with the boundary conditions
a parametric boundary value problem of ordinary differential equations with two variables. The
numerical challenge lies in solving the problem for arbitrary parameter settings, which requires suit-
able initial guesses of the respective solutions. This problem is tackled by a continuation-collocation
method that makes the efficient and robust simulation and navigation through a high-dimensional
parameter space possible. The solution of the one-dimensional equations is then iteratively cou-
pled with the solution of the two-dimensional equations (2.9). Before the first coupling iteration
the necessary fields of averaged mass fraction c¯ and temperature T¯ are calculated by the averaged
advection-diffusion equations (2.7) with (c, T )|r=1 = (c¯, T¯ ) as initial guess. A solution of the two-
dimensional equations (2.9) itself can implicitly be given in terms of Green’s functions and Volterra
integral equations of second kind with singular kernel for the values at the fiber boundary. We
employ a suitable product integration method based on the same Lobatto IIIa quadrature formula
as the collocation scheme.
The basic coupling algorithm for the solving of System 8 has the following form.
Algorithm 11 (Fiber solution).
(1) Solve the averaged equations (2.8) and (2.7) with (c, T )|r=1 = (c¯, T¯ ) and 〈µ(c, T )〉R2 =
µ(c¯, T¯ )R2 to obtain y(0) = (u, σ, c¯, T¯ ).
(2) For i ≥ 1, solve (2.9) with given y(i−1) to obtain (c, T )(i) and afterwards compute the new
solution of (2.8) to obtain (u, σ)(i), which gives in total y(i), as long as ‖y(i−1)−y(i)‖ > tol
for given tolerance tol.
Finally, the fiber-air interaction is performed by an algorithm that weakly couples the fiber
calculation and airflow computation via iterative solving.
3.1. Collocation method. To solve a boundary value problem of the form
d
dz
y = f(y), g(y(0), y(1)) = 0, (3.1)
we use a three-stage Lobatto IIIa formula as collocation scheme [14]. It is an implicit Runge-Kutta
method. The collocation polynomial provides an once continuously differentiable solution that is
fourth-order accurate uniformly in z ∈ [0, 1]. Mesh selection and error control are based on the
residual of the continuous solution [16]. Thus, we have
yi+1 − yi − hi+1
6
(f(yi) + 4f(yi+1/2) + f(yi+1)) = 0, g(y0, yN ) = 0,
with yi+1/2 =
1
2
(yi+1 + yi)− hi+1
8
(f(yi+1)− f(yi)),
(3.2)
with collocation points 0 = z0 < z1 < ... < zN = 1, mesh size hi = zi − zi−1 and the abbreviation
yi = y(zi). The resulting nonlinear system ofN+1 equations for (yi)i=0,...,N is solved using a Newton
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method with numerically approximated Jacobian. This is a classical approach that is provided in
the software MATLAB∗ by the routine bvp4c.m. Its applicability depends on the convergence of
the Newton method that is crucially determined by the initial guess. We aim for adapting the
initial guess iteratively by means of a continuation method, solving a sequence of slightly varying
boundary value problems.
3.2. Continuation method. In the continuation method we embed the boundary value problem
of interest (3.1) into a family of problems by introducing a continuation parameter tuple p ∈ [0, 1]n,
n ∈ N
d
dz
y = fˆ(y; p), gˆ(y(0), y(1); p) = 0, p ∈ [0, 1]n,
fˆ(·; 1) = f, gˆ(·, ·; 1) = g, fˆ(·; 0) = f0, gˆ(·, ·; 0) = g0.
Here, 1 denotes the n-dimensional tuple of ones. The functions f0, g0 are chosen in such a way
that for p = 0 an analytical solution is known. Given this starting solution, we seek for a sequence
of parameter tuples 0 = p0, p1, . . . , pm = 1 such that the solution to the respective predecessor
boundary value problem provides a good initial guess for the successor. The solution associated
to p = 1 finally belongs to the original system. By help of the continuation parameters certain
terms in the ordinary differential equations can be first excluded, then included. Also the boundary
conditions can be varied. The core of a robust continuation procedure are the choice of a continuation
path and the step size control to navigate through a high-dimensional parameter space. They decide
about failure or success because there are not always existing solutions and several ways might be
possible. Whereas the choice of the continuation path is problem-specific, the step size control is a
general question and we follow an approach that was successfully employed in studies on glass wool
manufacturing [3] and electrospinning [2].
To explain the used procedure, we consider at first a one-dimensional parameter space p ∈
[0, 1]. Proceeding from an initial continuation step size ∆p0, a boundary value problem is always
solved twice by using one full step and two half steps. If the full step requires more Newton
iterations than both half steps together or k1-times more collocation points than the second half
step, the continuation step is reduced by a factor k2, otherwise it is increased by k2 for the further
computation. If the Newton method fails, the step size is reduced by a factor k3 and the computation
is repeated. Certainly, it can happen that no solutions exist for p > pcrit ≥ 0, thus the algorithm
for the adaptive step size control has a stopping criterion that is based on a minimal step size. In
particular, we use k1 = 0.1, k2 = 1.5, k3 = 10, ∆p0 = 10
−1, ∆pmin = 10−14.
In a high-dimensional parameter space p ∈ [0, 1]n, n 1 there might be numerous possible but
also impossible continuation paths for a specific model problem. We use a heuristic that groups
the continuation parameters and applies to each group the one-dimensional continuation procedure
successively as described in the following.
For our dry spinning application we apply different continuation strategies for the two steps in
Algorithm 11. We denote Step (1) as initialization step, whereas Step (2) is called the coupling
step.
3.2.1. Initialization step. We introduce continuation parameters for the viscous, gravitational and
aerodynamic forces as well as for the draw ratio pRe, pFr, pM, pDr ∈ [0, 1]. This means we replace the
global Reynolds number Re by the term pReRe + (1− pRe)Re0, analogously for Fr, M and Dr with
starting values Re0 = 10, Fr0 = 100, M0 = 10
−4, Dr0 = 1. Furthermore, we introduce continuation
parameters p1, p2 on the right hand side of the equations (2.7) to control the effect of heat and
∗For details see http://www.mathworks.com.
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mass transfer over the fiber boundary,
∂z c¯ =
1

c¯2
c0
2Rj(c¯, T¯ )p1,
∂zT¯ = −1

c¯
c0
2R
q(c¯, T¯ )
(
α(T¯ − T?) + j(c¯, T¯ )(δ(T¯ )− h0d(T¯ ))
)
p2.
Consequently, we embed the one-dimensional fiber model into a family of boundary value problems
in a six-dimensional parameter space, p = (p1, p2, pRe, pFr, pM, pDr) ∈ [0, 1]6. The choice of the
continuation parameters allows the decrease and increase of mass and heat transfer as well as of
viscosity, gravity, air drag and drawing effects that mainly dominate the fiber dynamics.
The starting solution for the continuation that belongs to p = 0 is a stress-free straight fiber with
constant polymer mass fraction, speed and temperature (taken from the inflow), i.e.,
c¯ = c0, u = 1, σ = 0, T¯ = 1.
Obviously, it satisfies the prescribed boundary conditions at z = 0 and z = 1, since Dr0 = 1. The
change of each continuation parameter has different effects on the form of the solution and hence on
finding appropriate initial guesses in the continuation. To navigate through the high-dimensional
parameter space from p = 0 to p = 1 we follow a strategy that consists of two steps:
(A) From p = 0 to pA = (1, 1, 1, 0, 0, 1):
By changing the parameters p1, p2, pRe and pDr from 0 to 1 we include mass and heat
transfer due to evaporation as well as viscous and drawing effects.
(B) From pA to p = 1:
By increasing the parameters pFr, pM from 0 to 1 we incorporate gravitational and aerody-
namic effects in our solution.
We use a heuristic that seeks for the diagonal continuation path through the parameter space.
In both Steps (A) and (B) it turns out that balancing the physical effects strictly leads to the
diagonal path such that the parameter space can be reduced to p1 = p2 = pRe = pDr and pFr = pM
respectively. The corresponding one-dimensional search is performed with the adaptive step size
control as described before.
3.2.2. Coupling step. Let 〈µ(c, T )〉(i)R2 be the integrated dynamic viscosity of iteration i in the cou-
pling step (cf. Algorithm 11). We introduce a continuation parameter pµ ∈ [0, 1] for this quan-
tity, i.e., we replace the integrated dynamic viscosity in iteration i by the linear combination
with the viscosity of the previous iteration (1 − pµ)〈µ(c, T )〉(i−1)R2 + pµ〈µ(c, T )〉(i)R2 . Thereby, we
set 〈µ(c, T )〉(0)R2 = µ(c¯, T¯ )R2. Again, the corresponding one-dimensional search is performed with
the adaptive step size control as described before.
3.3. Green’s function and product integration method. Consider a boundary value problem
of the form
∂xψ − 1
r
∂r(r∂rψ) = 0,
∂rψ
∣∣
r=0
= 0, ∂rψ
∣∣
r=1
= aψ
∣∣
r=1
+ b, ψ
∣∣
x=0
= ψ0,
(3.3)
with x denoting the second component. For constant function a = const the solution can be given
analytically in terms of an explicit expression. For non-constant a an implicit solution expression
for ψ with Green’s function g is found in [4, 9, 24], which reads for constant initial data ψ0 = const,
ψ(r, x) = ψ0 + 2pi
x∫
0
g(r, x− x′)k(x′, ψ(1, x′)) dx′, (3.4)
with g(r, z) =
1
pi
(
1 +
∞∑
m=1
J0(βmr)
J0(βm)
exp(−β2mz)
)
, k(x, y) = a(x)y + b(x),
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where Ji denotes the i-th Bessel function of the first kind and βm are the ascending zeros of the
first Bessel function of the first kind, i.e., J1(βm) = 0. These values are tabulated in literature, see
e.g. [9]. For ψ|r=1, the solution expression yields a Volterra integral equation of second kind
ψ(1, x) = ψ0 + 2pi
x∫
0
g(1, x− x′)k(x′, ψ(1, x′))dx′, (3.5)
with g(1, z) =
1
pi
(
1 +
∞∑
m=1
exp(−β2mz)
)
.
The integral kernel g is singular for z = 0. Numerical integration in the sense of quadrature
formulas cannot be applied directly to the integral in (3.5), because they involve the evaluation
of the integrand function at or close to the singularity. Therefore, we use the product integration
method, which means substituting the function k(·, ψ(1, ·)) piecewise by Lagrange interpolation
polynomials and employing iterated integration by parts to isolate the singularity of the kernel
function g. To keep consistency we use quadratic polynomials with nodes corresponding to the
Lobatto IIIa collocation scheme (3.2) and underlying mesh points xi, i = 0, ..., Nx with mesh size
li = xi − xi−1
ψ(1, xi) = ψ0 + 2pi
i−1∑
j=1
xj+1∫
xj
g(1, xi − x′)
(
k(xj , ψj)
(x′ − xj+1/2)(x′ − xj+1)
(xj − xj+1/2)(xj − xj+1)
+ k(xj+1/2, ψj+1/2)
(x′ − xj)(x′ − xj+1)
(xj+1/2 − xj)(xj+1/2 − xj+1)
+ k(xj+1, ψj+1)
(x′ − xj)(x′ − xj+1/2)
(xj+1 − xj)(xj+1 − xj+1/2)
)
dx′,
where
xj+1/2 =
1
2
(xj + xj+1), ψj = ψ(1, xj),
ψj+1/2 =
1
2
(ψj + ψj+1) +
lj
8
(k(xj , ψj)− k(xj+1, ψj+1)) .
Applying integration by parts consecutively three times yields a linear system of equations
(Id− 2piG) ·Ψ = Ψ0 + 2piH
for the unknown vector Ψ = (ψ1, ..., ψN ) ∈ RNx with matrix G = (Gij)ij ∈ RNx×Nx
Gij =

a1Ai1 +D1Bi1 , if j = 1 ∧ i > 1,
aj(Aij + Cij−1) +DjBij + Ej−1Bij−1 , if 1 < j < i ∧ i > 1,
Ei−1Bii−1 + aiCii−1 , if j = i ∧ i > 1,
0 , else,
as well as right hand side vectors Ψ0 = ψ01 ∈ RNx and
H =
(
b1Ai1 + F1Bi1 + biCii−1 +
i−1∑
j=2
bj(Aij + Cij−1) + FjBij
)
i=1,...,N
∈ RNx .
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Here, we use the abbreviations
Aij = g
(−1)
ij −
1
lj
(g
(−2)
ij+1 + 3g
(−2)
ij ) +
4
l2j
(−g(−3)ij+1 + g(−3)ij ),
Bij =
4
lj
(g
(−2)
ij+1 + g
(−2)
ij )−
8
l2j
(−g(−3)ij+1 + g(−3)ij ),
Cij = −g(−1)ij+1 −
1
lj
(3g
(−2)
ij+1 + g
(−2)
ij ) +
4
l2j
(−g(−3)ij+1 + g(−3)ij ),
Dj =
1
2
aj+1/2 +
lj
8
aj+1/2aj , Ej =
1
2
aj+1/2 − lj
8
aj+1/2aj+1,
Fj = aj+1/2
lj
8
(bj − bj+1) + bj+1/2,
as well as aj = a(xj), bj = b(xj) and the primitives
g
(−ν)
ij = g
(−ν)(1, zi − zj), g(−ν)(r, x) =
x∫
0
g(−(ν−1))(r, x′)dx′, g(0)(r, x) = g(r, x),
which can be evaluated analytically. The system matrix is lower triangular, such that the linear
system of equations can be solved by forward substitution.
For the computation of the radial profiles we introduce an equidistant grid in r-direction with
grid points rj , j = 0, ..., Nr. Then, fixing a point rj , j < Nr, and considering the solution expression
(3.4) the solution ψ(rj , xi) can be calculated straightforwardly for all i = 0, ..., Nx by integration
using the product integration method analogously. For given profile the calculation of the av-
eraged quantity 〈ψ〉R2/pi is done by numerical quadrature in r-direction employing the standard
Lobatto IIIa collocation method.
In the following we explain the applicability of the general form (3.3) to the two-dimensional
advection-diffusion equations (2.9) of our fiber model. Assuming non-zero coefficients, the equations
(2.9) for polymer mass fraction c and mixture temperature T can be written in similar form
∂zc− λc 1
r
∂r(r∂rc) = 0, ∂zT − λT 1
r
∂r(r∂rT ) = 0,
with λc = c¯D(c¯, T¯ )/(PeDuR
2) and λT = C(c¯, T¯ )/(PeCρ(c¯, T¯ )q(c¯, T¯ )uR
2). To obtain the general
form (3.3) we transform the unknowns c and T by the following rule
ψ(r,Λ(z)) = ξ(r, z), with Λ(z) =
z∫
0
λξ(z
′)dz′, ξ ∈ {c, T}.
The initial conditions become ψ0 = c0 as well as ψ0 = 1. The coefficient functions are
a(x) = −PeD
Rγ(c, T )
∣∣
r=1
ρ(c¯, T¯ )D(c¯, T¯ )
∣∣∣∣
z=Λ−1(x)
, b(x) = −a(x)cref (c, T )
∣∣
r=1,z=Λ−1(x),
for the mass fraction equation and
a(x) = −PeC Rα
C(c¯, T¯ )
∣∣∣∣
z=Λ−1(x)
,
b(x) = −a(x)T?
∣∣
z=Λ−1(x) − PeC
R(j(c, T )(δ(T )− h0d(T )))
∣∣
r=1
C(c¯, T¯ )
∣∣∣∣
z=Λ−1(x)
,
for the temperature equation, respectively. Considering the iteration procedure in Step (2) of
Algorithm 11 the coefficient functions a and b are evaluated at c|r=1, c¯ and T |r=1, T¯ of the previous
iteration step, i.e., the boundary conditions are treated in a semi-implicit way, such that the linear
Robin-type character is preserved. This is certainly the key point for the embedding into the solution
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framework of Green’s functions and product integration method that ensures the desired numerical
efficiency.
Remark 12 (Grid resolution). The mesh points in x-direction are chosen in such a way that they
correspond to the underlying mesh points from the collocation method, i.e., xi = Λ(zi). If boundary
layers at the nozzle are expected, the mesh is refined there. For the equidistant points in r-direction
we set Nr = 101.
Remark 13 (Stability for stiff problems). Since the product integration method inherits its stability
properties from the underlying quadrature method, our method based on the Lobatto IIIa collocation
method is A-stable but not L-stable. Thus, it can lead to oscillations for very stiff problems. If
oscillations occur, we switch our product integration method to a method with underlying implicit
Euler scheme, lowering the order of convergence but increasing the stability.
3.4. Iterative coupling of fiber and airflow computations. The fiber-air-interaction is realized
by a weak coupling algorithm which iterates between the described fiber computation and the
airflow simulation. This procedure allows the combination of our self-implemented code for the
fiber dynamics and a commercial software for the air dynamics and was successfully used in studies
on glass wool manufacturing [3]. The two-way-coupling is based on a homogenization concept and
done in the given framework by the help of respective momentum, heat and mass exchange models
(drag forces as well as heat and mass sources) that obey the principle that action equals reaction,
cf. [8, 7].
We employ ANSYS Fluent†, a finite-volume-based software, that contains the broad physical
modeling capabilities to describe airflow, heat and mass transfer for the dry spinning process. The
airflow is modeled using stationary compressible Navier-Stokes equations, supplemented with the
Fourier law for heat conduction as well as thermal and caloric equations of state for an ideal gas. The
exchange models are incorporated by UDFs (user defined functions). Considering M representative
fibers, M ∈ N, and neglecting fiber-fiber-interactions, the fibers are computed in parallel on basis of
Algorithm 11 which is implemented in MATLAB. Because of the different discretizations of airflow
and fibers, the exchange of airflow and fiber data between the solvers requires interpolation and
averaging. For the air associated exchange models the airflow data are linearly interpolated on the
fiber grid used in the collocation method. Non-uniform profiles of air velocity, air temperature and
diluent mass fraction in the air generally induce air associated exchange models (drag forces as well
as heat and mass sources) being different for each fiber. For the fiber associated exchange models
entering the finite volume scheme, the information of all fibers is spatially averaged over each cell
volume. Since the interpolation and averaging strategies are qualitatively different, the conservation
principles are only ensured for very fine resolutions. Moreover, note that due to the underlying
finite volume approach the computed airflow data are cell-averaged quantities. In this context the
numerical cell-averaging can be interpreted as homogenization strategy for the exchange models
that is necessary to avoid the occurrence of singularities and the failure of the two-way-coupling.
For details we refer to [8] for the two-way-coupling within an asymptotic modeling framework, to
[7] for the homogenization and to [3] for the algorithmic procedure.
Let S and S? be the algorithmic simulation procedures to obtain the quantities Ψ = (Ψk),
k ∈ {1, ...,M} of the M fibers and the quantities Ψ? of the airflow, respectively. Then, the basic
coupling algorithm has the following form:
Algorithm 14 (Fiber-airflow coupling).
(1) Perform an airflow simulation S? without fibers to obtain Ψ(1)? .
(2) For i ≥ 1, calculate Ψ(i)k = S(Ψ(i)? ) for all fibers k = 1, ...,M and afterwards compute the
new airflow data Ψ
(i+1)
? = S?(Ψ(i)), as long as ‖Ψ(i)? −Ψ(i+1)? ‖ > tol for given tolerance tol.
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Process Parameters
fiber length L = 0.2 m
nozzle radius R0 = 4.07 · 10−4 m
speed at nozzle u0 = 5 · 10−2 m/s
temperature at nozzle T0 = 363.15 K
polym. mass fract. at nozzle c0 = 0.6
temperature of surrounding T? = 350 K
diluent density of surrounding ρd,? = 0 kg/m
3
drag force fair = 0 N/m
Physical Parameters
polymer density ρ0p = 1350 kg/m
3
diluent density ρ0d = 1000 kg/m
3
diluent enthalpy h0d = 2 · 105 m2/s2
specific heat capacity q = 2750 m2/(s2K)
dynamic viscosity µ = 200 Pa s
mass transfer coeff. γ = 0.3 kg/(m2s)
heat transfer coeff. α = 2000 W/(m2K)
evap. enthalpy diluent δ = 2.35 · 106 J/kg
diffusion coefficient D = 3.5 · 10−10 m2/s
thermal conductivity C = 0.4 W/(m K)
Table 4.1. Overview over process and physical parameters used for the perfor-
mance analysis, yielding (,Re,Fr,PeD,PeC) = (2·10−3, 5.92·10−2, 3.57·10−2, 5.81·
104, 1.65 · 102).
c¯ u σ T¯
1.8064 · 10−3 1.5301 · 10−2 4.9611 · 10−2 6.4668 · 10−4
c|r=1 T |r=1 c T
4.3393 · 10−3 1.1876 · 10−3 4.1332 · 10−3 7.2008 · 10−4
Table 4.2. Relative L2-errors between one-two-dimensional solution and reference
solution, cf. Figs. 4.1 and 4.2.
4. Approximation quality of asymptotic model and performance of algorithm
To study the approximation quality of the proposed dimensionally reduced fiber model (System 8)
and the performance of the numerical solution algorithm, we compare our developed procedure for
a single fiber with the solution of the original three-dimensional problem in System 1. As the direct
numerical simulation of a three-dimensional thin fiber immersed in an airflow in a spinning chamber
is computationally extremely demanding due to the required high resolution, we limit ourselves to a
three-dimensional axis-symmetric setting of a fiber without any aerodynamic forces and with stress-
free end. This implies the boundary conditions Σ · ν = 0 on Γfr ∪ Γout in System 1 and fair = 0,
σ(1) = 0 in System 8. Moreover, we consider a dry surrounding, i.e., ρd,? = 0 (implying cref = 1),
and take all physical parameters as well as the mass and heat sources as constant.
We refer to the three-dimensional problem as reference and solve it with FEniCS‡, an open-source
finite element code with Python interface, which basically needs a weak formulation of the partial
differential model equations. To overcome the need of re-meshing while solving the reference, we
transform the weak form of System 1 to the fixed domain Ω˜cut = (0, 1) × (0, L). The resulting
ordinary differential equation for the fiber radius function R on the domain boundary {1} × (0, L)
and the balance equations are solved by iterations. The domain Ω˜cut is meshed with a triangular
grid, which is refined at the nozzle Γin due to expected boundary layers. The nodes of the triangles
are (ri, zj) with ri = i/200, zj = L(j/40)
1.5 for i = 0, ..., 200, j = 0, ..., 40, which means 16000
triangular elements and 8241 nodes in total. Algorithm 11 for the dimensionally reduced fiber
model is implemented in MATLAB version R2016b, where the boundary value solver bvp4c.m is
used with the default values. To achieve comparability the reference solution is interpolated on the
†For details on the commercial software ANSYS Fluent, its models and solvers we refer to http://www.ansys.com.
‡For details on the open-source finite element code FEniCS see http://www.fenicsproject.org.
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Figure 4.1. One-dimensional fiber solution obtained with and without radial in-
formation (solid lines) in comparison to the reference solution (dotted lines).
mesh of the solution of System 8, i.e., the mesh with the collocation points used in the boundary
value solver (bvp4c.m) in z-direction and 101 equidistant points in r-direction. As stopping criterion
for the iteration in the coupling step of Algorithm 11 we use tol = 10−6. The forthcoming numerical
simulations are performed on an Intel Core i7-6700 CPU (4 cores, 8 threads) and 16 GBytes of RAM.
As an example we consider a set-up with moderate thinning and evaporation effects. The physical
and process parameters are particularly chosen as listed in Table 4.1, implying  = 2·10−3, Reynolds
number Re = 5.92 ·10−2, Froude number Fr = 3.57 ·10−2 as well as Peclet numbers PeD = 5.81 ·104
and PeC = 1.65 ·102. Figure 4.1 shows the solution curves obtained from the dimensionally reduced
fiber model of System 8. This solution we oppose the solution obtained without radial information,
which means exiting Algorithm 11 after Step (1), and the three-dimensional axis-symmetric solution
of the reference. For the latter the quantities of interest c¯, T¯ , u and σ are calculated a posteriori
according to the definitions in Section 2. The corresponding two-dimensional profiles for polymer
mass fraction c and temperature T can be seen in Fig. 4.2. We draw the following conclusions
from the plots: As expected the coupling of the one-dimensional model equations with the two-
dimensional equations for c and T is absolutely essential, since the solution without that information
differs extremely from the reference solution, especially concerning the averaged quantities c¯ and
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Figure 4.2. Polymer mass fraction and temperature profiles as solution of the
one-two-dimensional fiber model (left) and the reference model (right).
T¯ . This point is emphasized by the non-uniform profiles in Fig. 4.2. The solution of the one-
two-dimensional fiber model approximates the reference solution very accurately and takes the
important radial effects into account. The relative L2-errors between the single components of
the solutions, as listed in Table 4.2, verify the utilization of our model framework with regard to
the good approximation quality. In addition, the difference in the computation times is crucial.
While the computation of the three-dimensional axis-symmetric reference solution takes around
4228 seconds, which means more than 1.17 hours, the computation of the reduced model takes only
around 43 seconds (around 4 seconds for the initialization step (Step (1)) and 39 seconds for the
coupling step (Step (2)) of Algorithm 11). The good performance is owed to our embedding of the
two-dimensional advection-diffusion equations into the solution framework of Green’s functions and
product integration method. In fact, the achieved efficiency is essential when dealing with more than
one fiber and considering fiber-airflow-interactions in a spinning column via two-way coupling. So,
our proposed procedure builds obviously a good basis for the simulation of industrial dry spinning
processes.
Remark 15 (Temperature behavior). In this academic example the behavior of the fiber temperature
T might be surprising (cf. Fig. 4.2). Through solvent evaporation associated heat transfer T drops
below T? shortly after the nozzle. Due to the relative temperature between fiber and surrounding
being negative, i.e., T −T? < 0, the fiber is heated up by the surrounding towards the fiber end, when
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Process Parameters
device height H = 5.1 m
speed at nozzle u0 = 5 m/s
temperature at nozzle T0 = 348.15 K
polym. mass fract. at nozzle c0 = 0.2882
take up speed at bottom u1 = 10 m/s
total number of fibers M = 60
Physical Parameters
CA density ρ0p = 1300 kg/m
3
acetone density ρ0d = 767 kg/m
3
CA spec. heat cap. q0p = 1600 J/(kgK)
acetone spec. heat cap. q0d = 2160 J/(kgK)
molec. weight acetone Md = 5.808 · 10−2 kg/mol
molec. weight air M? = 2.897 · 10−3 kg/mol
molar volume acetone Vd = 6.60 · 10−5 m3/mol
molar volume air V? = 2.01 · 10−5 m3/mol
Table 5.1. Overview over process and physical parameters in the industrial dry
spinning setup [26], yielding (,Re,Fr,PeD,PeC) = (6.16 · 10−5, 1.79 · 103, 7.07 ·
10−1, 2.08 · 107, 1.37 · 104).
ex
ey
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Figure 5.1. Dry spinning setup, sketch of the holes (X) in the spinneret. All
proceeding simulation results are shown for the fiber extruded from the central
position (green X).
mass transfer effects are not dominating the heat transfer anymore. This behavior is also observed
in the industrial case, when only an one-way coupling with the surrounding airflow is considered
(cf. Fig. 5.6). However, regarding full two-way coupled airflow this behavior does not occur.
5. Dry spinning with two-way-coupled airflow
In industrial dry spinning applications we are faced with multiple jets being extruded from the
spinneret into the spinning column. The properties of the spun fibers are essentially determined
by the fiber-airflow-interactions. Hence, we aim for a simulation of the dry spinning with two-way-
coupled airflow. Until now the existing literature solely considers fibers immersed in an airflow that
is assumed to be unperturbed. In [26], for example, a cellulose acetate (CA)-acetone mixture is
dry spun in a spinning column with counter-current airflow. The respective airflow quantities are
measured and fixed, they are not affected by the fiber dynamics, and some characteristics for a
single fiber are computed. Consequently, we cannot validate our simulation results, but we check
the reasonableness of our model by comparing the intermediate results obtained for a single fiber
after the first iteration of our fiber-air coupling algorithm which corresponds to a one-way-coupling
(as in [26]). Before we present our simulation outcome, we give a description of the setup and all
models employed to close our fiber dry spinning model.
5.1. Setup. We consider the dry spinning setup of [26] where a CA-acetone mixture is pumped
from the spinneret through a row of holes into a spinning column with counter-current airflow (cf.
Fig. 1.1). For a larger emergence of the effects of fiber-air interaction, we look at sixty holes (instead
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of twenty as in [26]), which are ordered in three parallel rows with twenty holes each, as sketched
in Fig. 5.1. We consider the fibers to be spun in the y-z-plane and the ones of the middle row
particularly to lie in x = 0. At the column bottom all fibers are drawn down by a take up roller.
Concerning the airflow, we assume dry air at the inlet, i.e., the inflow contains no diluent. The
absolute air inflow velocity (in y-direction) at the bottom pipe is ‖v?‖ = 0.22 m/s and the air inflow
temperature is T? = 330 K. At the nozzle the CA-acetone mixture forms a drop, from which a jet of
initial diameter usually larger than the initial nozzle diameter leaves due to the Barus effect. Since
our model does not take this effect into account, we set R0 according to the initial speed u0 and
the initial cumulated mixture flux A0u0 = 3.1 · 10−7 m3/s, A0 = R20pi, as prescribed in [26]. The
remaining process parameters are listed in Table 5.1.
5.2. Closing models. The physical material parameters for the polymer CA and the diluent ace-
tone are taken from [26, 13], see Table 5.1. The additional models (exchange models as well as
rheological models) that we use to close our dimensionally reduced fiber model (System 8) are
briefly summarized in this subsection (cf. Remark 10). Note that to distinguish the fiber quan-
tities from the airflow quantities all airflow-associated fields are labeled here with the index ? as
before. In particular, v? [m/s] denotes the velocity, p? [Pa] the pressure, ρ? [kg/m
3] the density, µ?
[Pas] the dynamic viscosity, q? [J/(kgK)] the specific heat capacity and k? [J/(msK)] the thermal
conductivity of the air.
5.2.1. Drag forces. The aerodynamic drag forces fair are described by means of a dimensionless air
drag function F that depends on fiber tangent τ and relative velocity between airflow and fiber,
fair =
µ2?
2Rρ?
F
(
τ ,
2Rρ?
µ?
(v? − uτ )
)
· τ ,
F(τ ,w) = wνrν(wν)ν + wτrτ (wν)τ .
In particular, F is expressed in terms of the tangential wτ = w · τ and normal velocity components
wν =
√
w ·w − w2τ with normal vector ν = (w − wττ )/wν . We use the regularized air resistance
coefficients rν , rτ given in [20]
rν(wν) =

∑3
j=0 qν,jw
j
ν , wν < w0,
4pi
S(wν)
(
1− S2(wν)−S(wν)/2+5/1632S(wν) w2ν
)
, w0 ≤ wν < w1,
wν exp
(∑3
j=0 pν,j log
j(wν)
)
, w1 ≤ wν ≤ w2,
2
√
wν + 0.5wν , w2 < wν ,
rτ (wν) =

∑3
j=0 qτ,jw
j
ν , wν < w0,
4pi
(2S(wν)−1)
(
1− 2S2(wν)−2S(wν)+116(2S(wν)−1) w2ν
)
, w0 ≤ wν < w1,
wν exp
(∑3
j=0 pτ,j log
j(wν)
)
, w1 ≤ wν ≤ w2,
2
√
wν , w2 < wν ,
with S(wν) = 2.0022−log(wν). This model is composed of asymptotic Oseen theory, Taylor heuristic
and simulations where the transition points w1 = 0.1 and w2 = 100 are estimated from a least-
square approximation of experimental and numerical data. For tangential incident flow situations
(wν → 0) a regularization employs the Stokes theory, yielding the Stokes limits
rSν =
4pi
log(4ε−1)
− pi
log2(4ε−1)
, rSτ =
2pi
log(4ε−1)
+
pi
2 log2(4ε−1)
,
as well as the transition point w0 = 2 exp
(
2.0022 − 4pi/rSν
)
with the regularization parameter
ε = 3.5 · 10−2. The parameters pk,j and qk,j (k ∈ {ν, τ}, j ∈ {0, 1, 2, 3}) ensure smoothness,
pν,0 = 1.6911, pν,1 = −6.7222 · 10−1, pν,2 = 3.3287 · 10−2, pν,3 = 3.5015 · 10−3,
pτ,0 = 1.1552, pτ,1 = −6.8479 · 10−1, pτ,2 = 1.4884 · 10−2, pτ,3 = 7.4966 · 10−4,
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qk,0 = r
S
k , qk,1 = 0, qk,2 =
3rk(w0)− w0r′k(w0)− 3rSk
w20
,
qk,3 =
−2rk(w0) + w0r′k(w0) + 2rSk
w30
.
5.2.2. Heat transfer. The model for the heat transfer coefficient α is given by the following relation
to the dimensionless Nusselt number Nu that is a function of the Reynolds numbers Reτ and
Rew (ratios of inertial to viscous forces with respect to the relative velocity between air and fiber in
tangential direction and in total, respectively) as well as the Prandtl number Pr (ratio of momentum
to thermal diffusivities of the air)
α =
k?
2R
Nu(Reτ ,Rew,Pr),
Reτ =
2Rρ?(v? − uτ ) · τ
µ?
, Rew =
2Rρ?‖v? − uτ‖
µ?
, Pr =
µ?q?
k?
.
Note that Reτ , Rew and Pr are here no global constants, but scalar fields depending on the airflow
quantities varying in space. In particular, Reτ = wτ of Sec. 5.2.1. The model used for the Nusselt
number is heuristic
Nu(Reτ ,Rew,Pr) = (1− 0.5A(Reτ ,Rew))
{
n1(Rew,Pr), RewPr ≥ 7.3 · 10−5,
n2(Rew,Pr), RewPr < 7.3 · 10−5.
It goes back to [27] where originally a stationary perpendicular laminar flow situation around a
cylinder for RewPr ≥ 7.3 · 10−5 was studied and has been extended to ensure a smooth transition
to the limit value Nu = 0.1 for vanishing RewPr→ 0,
n1(Rew,Pr) = 0.462(RewPr)
0.1 + f(Pr)
(RewPr)
0.7
1 + 2.79(RewPr)0.2
,
n2(Rew,Pr) = m1(Pr)(RewPr)
3 +m2(Pr)(RewPr)
2 + 0.1,
with the coefficients
m1(Pr) = −3.5636 · 1011 − 3.1380 · 109f(Pr), m2(Pr) = 4.0694 · 107 + 3.9768 · 105f(Pr),
f(Pr) =
2.5
(1 + (1.25Pr1/6)2.5)0.4
.
The incorporation of the function A accounts for varying incident flow directions. It is mainly the
squared cosine of the angle of attack, which is regularized to ensure smoothness for a tangential
incident flow,
A(Reτ ,Rew) =
{
(ReτRe
−1
w )
2, Rew ≥ ε,(
1− (Rewε−1)2
)2
+
(
3− 2(Rewε−1)2
)
(ReτRewε
−2)2, Rew < ε,
with regularization parameter ε = 10−7.
5.2.3. Mass transfer and referential mass fraction. The mass fraction associated transfer coefficient
γ and the referential polymer mass fraction cref
γ = β%, cref = 1− ρd,?
%
are expressed in terms of the mass transfer coefficient β, the mass fraction-scaled diluent density in
the air at the fiber surface %, and the diluent density in the air away from the fiber ρd,? (cf. Sec. 2).
Making use of the analogy of mass transfer and heat transfer the model for β by [27] is of similar
form as that for α. The Nusselt number Nu is changed to the Sherwood number Sh and the Prandtl
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number Pr is replaced by the Schmidt number Sc (ratio of the viscous diffusion rate to the mass
diffusion rate)
β =
Dd,?
2R
Sh(Reτ ,Rew,Sc),
Sc =
µ?
ρ?Dd,?
, Sh(Reτ ,Rew,Sc) = Nu(Reτ ,Rew,Sc),
with the diffusion coefficient of the diluent in air Dd,? [m
2/s]. The coefficient is modeled as [11]
Dd,? = E
T 1.75?
p?(V
1/3
d + V
1/3
? )2
(
1
Md
+
1
M?
)0.5
,
with constant E = 1.01325 · 10−7.5 m4kg1/2Pa/(K7/4mol7/6s) as well as Md [kg/mol], M? [kg/mol]
denoting the molecular weights and Vd [m
3/mol], V? [m
3/mol] denoting the molar volumes of diluent
and air, respectively. Concerning the diluent density in the air, away from the fiber it is given by
ρd,? = ρ?cd,? with the diluent mass fraction in air cd,?. At the fiber surface we employ a model for
the mass fraction-scaled diluent density % that is based on [5]
%(c, T ) =
Md
RT
pvap(T )
ρ(c, T )
ρ0d(T )
exp(1− φd(c, T ) + χ(1− φd(c, T ))2),
φd(c, T ) = (1− c)ρ(c, T )
ρ0d(T )
,
with the diluent volume fraction φd, the Flory-Huggins interaction parameter χ ∈ [0, 1] and the
gas constant R = 8.3114 J/(mol K). For the vapor pressure of the diluent pvap [Pa], we use for the
acetone the Antoine equation
log
(
pvap(T )
p0
)
= A0 − Tb
T + Tc
,
with the parameters p0 = 10
5 Pa, A0 = 4.4245, Tb = 1312.253 K, Tc = −32.445 K taken from [1].
Because of the considered constant material properties (cf. Table 5.1) the mixture density ρ and
the diluent volume fraction φd simplify to ρ(c) = ρ(c, T ) and φd(c) = φd(c, T ) . For simplicity we
set χ = 0.5.
5.2.4. Thermal conductivity and diffusion coefficient. For the thermal conductivity C we choose the
constant value C = 0.2 W/(mK).
For the diffusion coefficient D we use a model from [29] that is based on the free volume diffusion
model of [30, 31], i.e.,
D(c, T ) = (1− φd(c, T ))2(1− 2χφd(c, T ))D0 exp
(
− V1(1− c) + V2c
K1(1− c)(T1 + T ) +K2c(T2 + T )
)
,
with the parameters
V1 = 4.43 · 10−4, V2 = 6.38 · 10−4, K1 = 1.86 · 10−6 1/K, K2= 5 · 10−7 1/K,
T1 = −53.33 K, T2 = −240 K, D0 = 3.6 · 10−8 m2/s.
5.2.5. Diluent and evaporation enthalpy. Using the constant specific heat capacity for the diluent
acetone q0d (cf. Table 5.1) we employ the caloric equation of state for the enthalpy with respect to
the freezing point Tf = 178.15 K, see [21],
h0d(T ) = q
0
d(T − Tf ).
The evaporation enthalpy model δ is taken from [17], i.e.,
δ(T ) =
E0
Md
exp
(
−ι T
Tδ
)(
1− T
Tδ
)ι
,
with E0 = 46.95 · 103 J/mol, ι = 0.2826 and Tδ = 508.2 K.
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5.2.6. Dynamic viscosity. For our setting the dynamic viscosity µ corresponds to the zero-shear
viscosity η0 [Pa s]. The model for η0 is taken from [12, 13], where an approach of [28] is adopted,
η0(c, T ) =

ηaP
3.7
n c
7 exp(∆ERT ), T ≥ 1.2Tg(c, T ),
η0(c, 1.2Tg(c, T )) · 10−B1(T−1.2Tg(c,t))(Tη+T−1.2Tg(c,T ))−1 , Tg ≤ T < 1.2Tg(c, T ),
η0(c, Tg(c, T )), T < Tg(c, T ).
Comparing the temperature T to the glass transition temperature Tg [K], the zero-shear viscosity
follows an exponential decay for high temperatures, obeys the Williams-Landel-Ferry (WLF) model
for temperatures near to Tg and stays constant on the viscosity value at Tg for low temperatures.
The parameters are ηa = 6.6 · 10−13 Pa s, Tη = 101.6 K, B1 = 8.86. The degree of polymerization
of CA is Pn = 200 and the flow activation energy ∆E = 5.6940 · 104 J/mol. The glass transition
temperature is prescribed according to the Kelley-Bueche equation
Tg(c, T ) =
B2φd(c, T )Tg,d + φp(c)Tg,p
B2φd(c, T ) + φp(c, T )
,
using B2 = 2.5, the material glass transition temperatures Tg,p = 468 K, Tg,d = 119 K, as well
as the volume fractions φp, φd of CA and acetone, respectively. Due to the considered constant
polymer and diluent densities (Table 5.1), the volume fractions simplify to φp(c) = cρ(c)/ρ
0
p and
φd(c) = (1− c)ρ(c)/ρ0d.
Due to the nonlinear form of the viscosity model including exponential growth, we cannot ex-
pect that the desired cross-sectionally averaged viscosity 〈µ(c, T )〉R2/pi is well approximated by the
viscosity of the averaged fields µ(c¯, T¯ ), cf. Remark 9. For reasons of accuracy we thus compute the
profiles of the dynamic viscosity µ(c, T ) in Step (2) of Algorithm 11 and average them over the fiber
cross-sections afterwards to obtain 〈µ(c, T )〉R2/pi.
5.3. Results. For the numerical treatment of the fiber dynamics we use the same mesh parameters
and tolerances as in Sec. 4. The solver for the airflow meets an accuracy of O(10−6). The break-
up criterion of the fiber-air coupling algorithm satisfies an error tolerance tol = 10−5. For the
considered industrial setup the fiber-air coupling algorithm converges after 30 iteration steps.
Since the solutions of the sixty fibers do not show visible differences, we illustrate – as an example
– the solution behavior for the fiber that is centrally located in the spinning chamber (cf. Fig. 5.1)
in Fig. 5.2. The cross-sectionally averaged CA mass fraction increases from c0 = 0.29 at the inlet
to c¯ = 0.90 at the outlet, indicating the evaporation of the acetone during the spinning process.
The airflow directed contrary to the spinning direction of the fibers induces drag forces that act
contrary to the fiber moving direction. Therefore, the spatial point where the fiber speed u reaches
the take up speed (u1 = 10 m/s) is shifted from the center of the spinning device towards the nozzle,
i.e., u(z) = u1 for z ≥ 1 m approximately. The tensile stress σ increases correspondingly to the
changes of u and the viscosity 〈µ〉A. Directly at the nozzle the fiber temperature drops down due
to the immediate set in of the acetone mass transfer caused by evaporation, which is indicated by
the rapid rise of the CA mass fraction at the fiber boundary. In a distance sufficiently far away
from the nozzle the temperature approaches the temperature of the surrounding air T?. The fiber
radius decreases from its initial value R0 = 3.14 · 10−5 m to R = 1.06 · 10−5 m at the fiber end
(cf. Fig. 5.3). On the one hand, this fiber thinning is caused by the take up of the fiber at the
bottom of the spinning device with a drawing speed that is higher than the initial fiber speed, i.e.,
u1 > u0. On the other hand, the mass transfer due to acetone evaporation gives rise to further
fiber thinning, in particular in the region of the spinning chamber where the fiber speed has already
reached the take up speed (z ≥ 1 m). Worth to investigate is the profile for the polymer mass
fraction in Fig. 5.4 that indicates an inhomogeneous CA-acetone distribution in radial direction.
While the fiber surface is nearly diluent-free and thus completely dried out shortly away from the
nozzle, the innermost part of the fiber contains much more diluent over its complete length and is
not completely dried at the bottom of the chamber. In contrast there are no visible radial effects
in the temperature (cf. Fig. 5.4).
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Figure 5.2. Solution quantities of a centrally located fiber (cf. Fig. 5.1). Top-left:
polymer (CA) mass fraction (averaged c¯, at the fiber boundary c|r=1 and referential
cref ). Top-right: scalar fiber speed u. Bottom-left: tensile stress σ. Bottom-right:
temperature (averaged T¯ , at the fiber boundary T |r=1, air T?).
The relevance of the effects due to the fiber-air interactions can be clearly seen in Fig. 5.5 and
Fig. 5.6. Due to the acetone evaporation the CA mass fraction in the fiber increases to the value
c¯ = 0.90 at the end z = L after the first iteration of the fiber-air coupling algorithm (one-way
coupling). This means a ratio of acetone mass to CA mass of 0.11 at the fiber end, which coincides
with the value computed in [26]. During the two-way coupling with the airflow the evaporated
acetone increases its proportion in the surrounding air, such that the referential polymer mass
fraction decreases from its initial value cref = 1 to its minimum cref = 0.96 directly at the nozzle
(z = 0 m), see Fig. 5.2. Considering the temperature the influence of the fiber-air coupling becomes
even more evident: in the region around the nozzle the fiber heats the surrounding air due to a
positive relative temperature T − T? > 0. In turn this heated air affects the fiber temperature to
decrease more slowly. The minimal fiber temperature after the first iteration is T¯ = 325.94 K, while
after the 30th iteration it is T¯ = 329.98 K. Moreover, the air in the upper part of the chamber is
heated up to T? = 336.19 K, which corresponds to a temperature increase of 6.19 K compared to its
initial value. This effect of increased air temperature in the nozzle region is also observed in [26],
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Figure 5.3. Resulting fiber radius R for the solution quantities in Fig 5.2.
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Figure 5.4. Polymer mass fraction and temperature profiles of fiber solution
(cf. Figs. 5.1 and 5.2).
where the air temperature is not calculated but measured from experiments. Away from the nozzle
evaporation effects become negligible and the temperature in the spinning chamber is not influenced
significantly by the fiber temperature anymore. Vice versa the fiber is cooled down and reaches the
air temperature in this region of the spinning chamber. Also here the temperature curve for our
considered fiber after the first iteration (one-way coupling) is qualitatively in good agreement with
the temperature curve given in [26], although our simulation shows a less drastic temperature drop
at the nozzle. This difference might be due to varying rheological models.
The airflow in the considered dry spinning setup is characterized by the air inflow speed ‖v?‖ at
the bottom of the device and its inflow temperature T?. Whereas the inflow speed has a negligible
effect on the acetone evaporation, since the fiber speed u is meanly determined by the take up
speed u1, the air temperature affects the evaporation of the solvent significantly, see Fig. 5.7. The
higher the air temperature T? is the more acetone evaporates out of the fiber and leads to a higher
averaged CA mass fraction c¯ remaining in the fiber, e.g. T? = 320 K yields c¯ = 0.89, T? = 340 K
even c¯ = 0.92 at the fiber end.
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Figure 5.5. Mass fraction of diluent acetone (left) and temperature (right) in the
spinning chamber (after convergence of the fiber-air coupling algorithm).
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Figure 5.6. Averaged CA mass fraction (left) and temperature (right) of a cen-
trally located fiber after iteration 1 (one-way coupling) and after iteration 30 (two-
way coupling) of the fiber-air coupling algorithm (cf. Fig. 5.1).
Summing up, concerning one-way coupled fibers in air we achieve comparable results to [26].
This justifies the transfer of our fiber model from academic axis-symmetric settings to real industrial
setups. Moreover, our proposed procedure makes the simulation of industrial spinning processes
with multiple fibers spun simultaneously and two-way coupled fiber-air interactions feasible. The
computation time for the presented setup is around six hours.
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Figure 5.7. Averaged CA mass fraction c¯ for varying air inflow temperature T?.
6. Conclusion
The simulation of dry spinning processes requires the treatment of multiple fibers interacting with
an surrounding airflow. Until now, there were no models and methods with the necessary efficiency
to make such a simulation feasible. In this paper we deduced a dimensionally reduced viscous fiber
model of one- and two-dimensional equations that covers the radial effects of mass fraction and
temperature in combination with the tangential information of convective speed and tensile stress.
Its good approximation qualities were shown in a comprehensive study regarding the solution of an
underlying three-dimensional benchmark problem. The embedding of the two-dimensional equations
in the solution framework of Green’s functions and production integration method led together with
a robust continuation-collocation scheme for the one-dimensional equations to a very efficiently
evaluable algorithm. The good performance of our proposed procedure allowed the simulation of an
industrial dry spinning setup with two-way coupled fiber-air interactions in reasonable computation
time. An extension of our model to curved fibers is straightforward following the concepts of [25, 19].
Consequently, our work builds a good basis for optimization and optimal design of dry spinning
processes.
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